We use exact diagonalization to study the eigenstate thermalization hypothesis (ETH) in the quantum dimer model on the square and triangular lattices. Due to the nonergodicity of the local plaquette-flip dynamics, the Hilbert space, which consists of highly constrained close-packed dimer configurations, splits into sectors characterized by topological invariants. We show that this has important consequences for ETH: We find that ETH is clearly satisfied only when each topological sector is treated separately, and only for moderate ratios of the potential and kinetic terms in the Hamiltonian. By contrast, when the spectrum is treated as a whole, ETH breaks down on the square lattice, and apparently also on the triangular lattice. These results demonstrate that quantum dimer models have interesting thermalization dynamics.
I. INTRODUCTION
Considerable attention has recently been devoted to the question of whether and how an isolated quantum many-body system thermalizes [1] [2] [3] . At the center of the topic is the eigenstate thermalization hypothesis (ETH), which states that each energy eigenstate of a generic many-body Hamiltonian is indistinguishable from a microcanonical ensemble with the same energy [4] (see Section II for a more precise statement). ETH is expected to be valid for nonintegrable systems when energy is the only conserved quantity, but is known to fail for integrable systems [5] . In the latter case, the dynamics can be described by the generalized Gibbs ensemble (GGE), obtained by maximizing the entropy subject to the appropriate mean values of all conserved quantities. Both ETH and the GGE have recently been studied in experiments with ultracold atomic gases [6, 7] .
In this work we use exact diagonalization to study ETH in the quantum dimer model (QDM) [8] . The QDM was originally introduced by Rokhsar and Kivelson (RK) as an effective description of quantum antiferromagnets [9] , and can potentially be simulated using cold atoms [10, 11] . Its ground-state properties have been studied extensively, and it is known to exhibit liquid phases with topological order on nonbipartite lattices in two dimensions (2D) [12, 13] .
Our study of the 2D QDM combines a number of features that have proven to be of interest in other recent work on ETH [14] [15] [16] [17] [18] : First, it continues the progress of ETH studies from the familiar territory of 1D systems [19] [20] [21] [22] into higher dimensions. Questions about ETH in systems in two or more dimensions, such as the transverse-field Ising model on the square lattice [14] [15] [16] , are of great interest but challenging due to the rapid increase of the Hilbert-space dimension with system size. Second, the Hilbert space of the QDM is spanned by dimer configurations subject to strong local constraints. The study of ETH in constrained systems has recently been initiated by Chandran et al. [17] , who considered non-Abelian anyon chains, motivated by the question of whether the constraints can hinder thermalization.
A third interesting feature of the QDM is that global constraints on the local plaquette-flip dynamics cause the Hilbert space to split into topological sectors, characterized by a pair (in 2D) of winding numbers. A crucial distinction can be drawn between lattices that are bipartite, such as square, and those that are not, such as triangular: For bipartite lattices, in which the sites can be divided into two sublattices such that all nearest-neighbor pairs are on opposite sublattices, the winding numbers are integers and the number of sectors grows with size [23] . By contrast, for nonbipartite lattices the winding numbers can be defined only modulo 2, and there are four sectors defined by a pair of Z 2 invariants [24, 25] . Noting the effect of topological blocking on quench dynamics [26] , and recalling the case of integrable models, where the extensive number of conserved quantities invalidates ETH, it is natural to ask whether the existence of these topological invariants will influence ETH in the QDM [18] .
Our main finding is that the QDM obeys ETH with certain important caveats: On both the square and triangular lattices, ETH is only clearly satisfied when each topological sector is treated separately. If the spectrum is treated as a whole, ETH apparently breaks down, at least on the square lattice, as a result of separation of the spectra into bands corresponding to different topological sectors. On the triangular lattice, our results are less clear-cut, because of limitations on the accessible system geometries, and it is possible that ETH is restored at larger system sizes, even if the spectrum is treated as a whole. We also find that ETH breaks down when the ratio of the potential-and kinetic-energy terms in the Hamiltonian becomes large, which we understand as the approach to the trivially integrable point when this ratio is infinite.
In Section II, we give a brief definition of ETH and introduce the QDM on both the square and triangular lattices. We also discuss the distinction between the topological sectors of the square and triangular lattices and outline the main aims of the paper. We present our main results in Section III and conclude in Section IV. 
whereĒ = (E m +E n )/2, δ mn is the Kronecker delta, and S(E) is the (extensive) thermodynamic entropy at energy E; r mn are independent Gaussian random variables with zero mean and unit variance; and d O and f O are functions that are smooth on the scale of the many-body level spacing ∼Ēe −S(Ē) . The statement is expected to apply only for eigenstates that are sufficiently far from the edges of the spectrum (and, in particular, not to the ground state or low-lying excited states).
The function d O can be related to the expectation value of O in the canonical ensemble at temperature T = 1/β,
Replacing the sums over eigenstates by integrals over energy, which are then evaluated by the method of steepest descent [4] , one finds
where E T = H T is the average energy at temperature T .
The statement of ETH that we wish to test here is the following: the diagonal matrix elements n|O|n for energy E n near E T are distributed around the value d O (E T ), with fluctuations that are exponentially small in N , and this value furthermore approaches O T as N → ∞.
B. QDM on square and triangular lattices
The Hilbert space of the QDM is spanned by the set of basis states |Ψ for all possible close-packed dimer configurations Ψ, in which each site forms a dimer with exactly one of its nearest neighbours. We use the standard RK Hamiltonian [9] with a kinetic term that flips dimers around the shortest possible loop, referred to as a plaquette, and potential energy proportional to the number of flippable plaquettes.
The Hamiltonian can be written as [8] where α = and for the triangular and square lattices respectively. The operator T 2 is diagonal in the configuration basis, with matrix element 1 if p is flippable and 0 otherwise. For the triangular lattice, the smallest possible flippable loop is a rhombus, and the action of T α p is illustrated in Figure 1 . For the square lattice, the plaquettes are squares, as shown in Figure 2 .
The ground state of the QDM is known exactly in certain cases: For V = +∞, the ground state is a staggered configuration in which there are no flippable plaquettes, while for V = −∞, it is a columnar configuration which maximizes their number. A third special case is the RK point t = V , where the exact ground state is an equalamplitude superposition of all allowed dimer configurations [9] .
In this work, we will focus on a different aspect of the model, viz, the statistics of expectation values of certain observables in eigenstates of the Hamiltonian. The observables that we choose are:
e., the number of nearest-neighbour parallel dimers; and N α s , the number of second-neighbour parallel dimers along the same directions, as illustrated in Figures 3 and 4. (The latter definition is chosen because N α s is maximized by the columnar state at V = −∞, and so N α s T is expected to correlate fairly well with E T .) Both are sums of local operators, and so are expected to obey ETH [27] .
C. Lattice geometries and topological sectors of the QDM
Our goal is to verify ETH using exact diagonalization of the QDM Hamiltonian. This is made particularly challenging by the fact that ETH is a statistical claim about the approach to the thermodynamic limit, whereas we have a clean system (and so limited statistics) and are necessarily restricted to small system sizes.
The memory requirements for full diagonalization of the Hamiltonian limit us to matrices with linear size below about 5 × 10 4 . We show in Tables I and II how the Hilbert-space dimensions for the square and triangular lattices change with system size [28] [29] [30] under periodic boundary conditions (PBCs). (We restrict to clusters of type A, using the notation of Ref. [24] .) Exploiting translation symmetry, the largest size of the square lattice we can access is L x × L y = 6 × 8 with a Hilbert space of dimension H D = 3113860, where we diagonalize the Hamiltonian in each momentum sector (k x , k y ) separately. Similarly, the largest size of the triangular lattice we can access is L x × L y = 4 × 8 with a Hilbert space of dimension H D = 1826944. Note that the largest momentum sector of L x × L y = 6 × 6 triangular lattice has a dimension of size 69996, which is beyond our limit. A further constraint on the lattice sizes we can choose is from the interplay between the shape of the lattice and the topological sectors, which we will discuss next.
As stated in Section I, the Hilbert space of the QDM on the square and triangular lattices splits into disconnected sectors due to the nonergodicity of the plaquette-flip dynamics. In three dimensions and higher, there are additional conserved quantities and the Hilbert space within each sector is not connected by single-plaquette flips [31] [32] [33] , but for the square and triangular lattices, all states within each winding-number sector are connected by the kinetic operator, with the exception of some sectors near maximal winding number, which are completely isolated [8] .
The different sectors can be characterized by topological winding numbers. For a 2D lattice with periodic boundary conditions, i.e., a torus geometry, we can draw reference loops around the x and y directions, as illustrated in Figure 5 . For the square lattice, we label the vertical links that are crossed by the x loop according to the parity (odd or even) of their x coordinate, and similarly label the horizontal links crossed by the y loop by their y coordinate. For µ ∈ {x, y}, the winding number W µ is given by are the number of dimers on links that are crossed by the loop and that are odd and even according to this labeling. Since the plaquette-flip dynamics can only ever add or remove a pair of nearest-neighbour dimers crossing the reference line, it conserves W µ . (The same is in fact true of any local dynamics.) The dimer configurations on the square lattice can therefore be split into sectors with given winding numbers (W x , W y ), where
Because the triangular lattice is not bipartite, there is no consistent way to label links crossed by the reference loop as odd or even. Instead the winding number is defined by the number of dimers crossing the reference line up to parity, W µ = N mod 2. There are therefore only four sectors, with (W x , W y ) = (0, 0), (0, 1), (1, 0), and (1, 1). Because every plaquette is crossed by any chosen reference line an even number of times, these winding numbers are also conserved by the dynamics (and by any local dynamics).
We will show that the manifestation of ETH in the QDM is sensitive to how these topological sectors are treated. Since different system geometries imply different degeneracies between the sectors, it is helpful to choose sizes with consistent degeneracy structures. For the square lattice, it is sufficient to restrict to the case where L x and L y are both even. We therefore take (L x , L y ) = (4, 6), (6, 6) , (6, 8) , the three largest accessible system sizes.
This issue is more significant for the triangular lattice, where we must account for the fact that spatial symmetry operations change the winding numbers and hence map configurations from one sector to another. This implies that energy eigenstates in different sectors are related by symmetry operations, and have identical energies as well as identical expectation values of symmetric observables such as N f and N s .
The effect of the symmetries on the winding numbers, and hence on the degeneracies, is determined by the shape of the system, and in particular on its size in units of the lattice vectors. (We consider only clusters of type A, according to the classification of Ref. [24] .) To host close-packed dimer configurations, the lattice must have an even number of sites, and so there are three distinct cases:
• even L x = L y -Rotations by π/3 relate configurations in three of the sectors [24] . The largest system size accessible to full diagonalization is L x = L y = 4.
• L x = L y , both even-In this case, the four sectors are all different. The largest accessible sizes are (L x , L y ) = (4, 6) and (4, 8) .
• L x even, L y odd-In this case, symmetries relate the (0, 0) and (0, 1) sectors as well as the (1, 0) and (1, 1) sectors [34] . Accessible sizes include (L x , L y ) = (4, 5), (4, 7), and (6, 5).
We therefore choose L x even and L y odd, so that we have three accessible system sizes with the same degeneracy structure. A negative trade-off of this choice is that we must include the case (4, 7), which has relatively large anisotropy.
III. RESULTS
In this section we will present our main results, first for the square lattice and then the triangular lattice. The primary quantities of interest are the expectation values of the observables N In the following, we will set t = 1 as the energy unit and vary V only. Only the cases with V ≥ 0 are considered because, as we prove in the Appendix A, the spectra and diagonal matrix elements are identical for V and −V .
A. ETH for the square QDM
In Figure 6 , we show (N f ) nn and (N s ) nn , the diagonal matrix elements of N f and N s , in all eigenstates |E n of the Hamiltonian H for the square lattice, at various values of V (columns) and lattice sizes L = L x L y (colors). The top two rows include the full spectrum, containing all topological sectors, while the bottom two rows restrict to the (0, 0) sector.
It is interesting to see that, for small V , the full spectra of both N f and N s (top two rows of Figure 6 ) form a structure consisting of multiple bands. We have verified that this results from the fact that each topological sector forms a band and some of these overlap. Concentrating on the (0, 0) sector (bottom two rows of Figure 6 ), which contains roughly half of the whole Hilbert space, we see that the distribution becomes narrower as the system size increases, at least in the middle of the distribution and for V not too large. Furthermore, the expectation values in eigenstates of energy E appear to converge towards the thermal expectation value (black line) at a temperature chosen such that the mean energy is E, consistent with the predictions of ETH as detailed in Section II A.
Finally, for large V , the QDM approaches a trivially integrable point at V = ∞, where the Hamiltonian contains only the diagonal terms P α p and thus reduces to a classical Hamiltonian. This is reflected in the step structure in the case V = 5, which is already visible within the (0, 0) sector.
To provide a more quantitative picture, we employ an approach that has proved useful in previous studies [14, 17] , by looking at fluctuations between the diagonal matrix elements in adjacent energy eigenstates. We first sort all the eigenstates by energy and then calculate the difference of diagonal matrix elements between adjacent eigenstates,
As discussed in Section II A, ETH predicts that the width of the distribution of ∆N f,s should decrease exponentially with system size. We note that since it is well known that states at the edges of the spectrum do not exhibit eigenstate thermalization (as can also be seen clearly from the bottom two rows of Figure 6 ), we will only keep the middle part of the spectrum. We follow Ref. [14] and retain only states with energy E n such that
where E min and E max are the eigenstates of minimal and maximal energy respectively, E mid = (E max + E min )/2 and x thr is the truncation parameter, which we will set to x thr = 0.2. The top two rows of Figure 7 show the distributions of (∆N f ) n and (∆N s ) n , which clearly narrow as L increases, for V ≤ 2. Also shown, in the bottom row of 
Top two rows: Distribution of (∆N f )n and (∆Ns)n, the difference of the diagonal matrix element of N f and Ns for successive energy eigenstates, on the square lattice. Only the (0, 0) topological sector, corresponding to the bottom two rows of Figure 6 , is included. States at the edges of the spectrum, i.e., those not obeying Eq. (6) , is the root-mean-square (RMS) of these distributions, calculated after the truncation. From the exponential fit of the RMS values of (∆N f ) n and (∆N s ) n (note the logarithmic scale on the vertical axis of the bottom row of Figure 7) , we see the hallmark of ETH, i.e., that the eigenstate-to-eigenstate fluctuations of the diagonal matrix elements of the observables decrease exponentially with system size, is evident for the smaller values V . At V = 5, ETH appears to break down, with no consistent decrease in the RMS with increasing system size.
B. ETH for the triangular QDM
In Figure 8 , we show the raw data for the triangular lattice. The diagonal matrix elements of N f and N s are shown for all topological sectors in the top two rows, and within the (0, 0) sector in the bottom two rows. (Recall that there are four sectors for the triangular lattice, but, for the system sizes used here, symmetries reduce these to two distinct pairs.) In this case, the distribution becomes narrower with increasing system size L both for the full spectrum and when restricted to a single sector.
To determine whether this narrowing is quantitatively consistent with ETH, we calculate (∆N f ) n and (∆N s ) n , defined by Eq. (5), for the triangular lattice. In Figure 9 , we show the distribution of these quantities, calculated after truncation using Eq. (6) with x thr = 0.2. As was already evident from Figure 8 , the distributions become narrower with increasing L for both the full spectrum and that of the (0, 0) sector.
For L = 4 × 7, there is a clear two-peak structure that is visible for the spectrum treated as a whole but not for the (0, 0) sector. This indicates a separation of the expectation values into bands corresponding to different topological sectors, as for the square lattice. In this case, however, there is no visible splitting for the more isotropic systems, L = 4 × 5 and 6 × 5.
In Figure 10 , we present the RMS values of (∆N f ) n and (∆N s ) n . As for the square lattice, a reasonable fit is achieved to an exponential decrease with system size, but only within the (0, 0) sector. It should be noted that the more isotropic systems, L = 4 × 5 and 6 × 5, show a consistent decrease, similar to that for a single sector, even with the spectrum treated as a whole. One might speculate that the breakdown of the ETH in this case is due to the confounding influence of the variation in system geometry.
IV. CONCLUSIONS AND OUTLOOK
We have studied the statistical properties of energyeigenstate expectation values in the quantum dimer model (QDM) on both the square and triangular lattices, as a test of the applicability of the eigenstate thermalization hypothesis (ETH). We find results consistent with the quantitative predictions of ETH, as long as one treats separately the different topological sectors of the Hilbert space, which are disconnected under the action of the Hamiltonian. When the spectrum is treated as a whole, we observe substantial deviations from ETH, for the system sizes that are accessible in exact diagonalization. While the evidence for the breakdown of ETH as applied to the full Hilbert space is, we believe, convincing for the square lattice, the situation is less clear for the triangular lattice. In the latter case, the set of system sizes accessible by exact diagonalization is extremely limited, and the choice is complicated by the interaction between system geometry and topological degeneracies. The three systems for which we have presented results have a range of aspect ratios, introducing an additional confounding variable that may be obscuring the exponential trend expected from ETH.
From a theoretical point of view, the distinction between square and triangular lattices results from their different topological conservation laws, which are in turn due to the fact that the triangular lattice is not bipartite. The winding numbers W x and W y can therefore be defined only up to parity, and there are only four sectors, some of which are related by symmetries. It is possible that the different sectors may become indistinguishable in the thermodynamic limit; more precisely, full restoration of ETH would require that the sector-dependent effects become exponentially small in the system size L.
The dimer model on the bipartite square lattice, by constrast, has integer winding numbers and thus an extensive number of topological sectors. It is therefore reasonable to expect a spread in their properties that remains in the thermodynamic limit. It should be noted, though, that for large system sizes, most states (in fact, all but an exponentially small fraction) have winding numbers that are much less than the maximal value, of the order of the linear system size. In this respect, the square lattice becomes, for larger L, more like the triangular lattice, where all states have W µ of the order of unity.
For the square lattice, the possibility therefore remains that, in the thermodynamic limit, the subset of states 
Distribution of (∆N f )n and (∆Ns)n, the difference of the diagonal matrix element of N f and Ns for successive energy eigenstates, on the triangular lattice. The top two rows show the full spectrum, containing all the topological sectors, while the bottom two rows show the spectrum from only the (0, 0) topological sector. To exclude states at the edges of the spectrum, which do not exhibit ETH, only states obeying Eq. (6) are included, with x thr = 0.2 in all cases. with W µ of the order of unity obeys ETH when treated as a whole. As for the triangular lattice, this would require that their dependence on W µ not merely decreases, but does so exponentially with L. With the system sizes available, it is not possible to state definitively whether this will indeed happen. In any case, it is certainly true that the minority of eigenstates that have extensive winding numbers will remain outliers as far as ETH is concerned, for any finite size. While the need to distinguish topological sectors may not be viewed as particularly surprising, it should be noted that this is apparently unnecessary with other global conserved quantities, such as momentum. (We have exploited momentum conservation to aid diagonalization of the Hamiltonian, but all momentum sectors are included in our results.) The winding numbers defining the topological sectors are apparently more similar in this respect to local conserved quantities in integrable models [5] . In principle it should be possible to include all topological sectors on an equal footing, by analogy with the GGE for integrable systems [35] , but it remains to be seen whether this can be done in practice.
In this work, we have studied the predictions of ETH only for diagonal matrix elements of the observables. Predictions for off-diagonal elements are also contained in Eq. (1), but an alternative perspective on this question involves the time dependence of observables after a quantum quench [2] . Our results here suggest that interesting behavior should occur at large V (around V /t 5), where ETH begins to break down, and we indeed observe signatures of slow relaxation and metastability at such parameters [36] . Another interesting extension is the disordered QDM and its possible connections to many-body localization [37] . 
